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ABSTRACT
In the turbulent boundary layer of multicompo-
nent fluid mixtures, the species-specific mass
flux is determined by the combination of
turbulent-diffusiophoretic diffusion and diffu-
sion due to gradients in supplementary fields
(e.g. temperature). For inert mixtures, a bal-
ance must exist between all the diffusive trans-
port mechanisms so that the net diffusive mass
flux normal to the wall is zero everywhere. This
may require non-constant composition profiles.

Implications are discussed, and mathemati-
cal modelling is employed to demonstrate how
this may affect fluid property profiles, wall
heat flux, and wall shear stress in a Newtonian
ternary gas mixture (H2 +N2 +CO2) subject to
a temperature gradient.

INTRODUCTION
In their classical experiment, Duncan and Toor4

showed that the diffusive transport in an ideal
ternary gas mixture of hydrogen (H2), nitrogen
(N2), and carbon dioxide (CO2) could not be
described satisfactorily by the Fickian formu-
lation. E.g., the observed development in lo-
cal nitrogen concentrations could only be ex-
plained mathematically by allowing uphill dif-
fusion. The Duncan-Toor experiments have
been further investigated and discussed by e.g.
Taylor and Krishna11 and Krishna and Wessel-
ingh.9 It has been shown that Maxwell-Stefan
diffusion predicts the non-Fickian behavior ob-
served by Duncan and Toor, accurately.

Whereas the Duncan-Toor experiments
were performed under isothermal conditions,
Bogatyrev et al.3 studied thermophoresis in bi-
nary, ternary, and quaternary mixtures includ-
ing the ternary H2 � N2 �CO2 mixture. They

emphasized that thermophoresis in multicom-
ponent mixtures depends on the mixture com-
position in a complex way.

In this paper, it is hypothesized that non-
Fickian behavior can cause non-constant com-
position profiles in the turbulent boundary layer
of inert mixtures. Zero net transport for each
species is required, in the direction normal to
the wall, but it is suggested that competing
diffusive processes (e.g. turbulent, diffusio-
phoretic and thermophoretic diffusion) which
cancel each other out can occur. This implies
that non-constant mass-fraction profiles may be
necessary to give zero net diffusive transport.

The concern is that these spatial composi-
tion variations will affect fluid properties (e.g.
mass density, viscosity, heat capacity, and ther-
mal conductivity) hence the wall heat flux and
wall shear stress. Thus, without the proper
understanding, interpretation of rheology mea-
surements may fail to give a correct assessment
of the fluid properties, even for relatively sim-
ple Newtonian ideal mixtures.

Using the ideal ternary gas mixture of Dun-
can and Toor4 as an example, mathemati-
cal modelling of the species transport in the
fully developed turbulent boundary layer is em-
ployed to support the hypothesis. Comparing
simulations with and without diffusion, it is
demonstrated that a significant effect on wall
heat flux and wall shear stress can be expected
from the diffusion-induced non-constant com-
position profiles.

MATHEMATICAL MODELS
We are considering a single-phase fluid mixture
consisting of a set of N unique, distinguishable,
inert species. It is assumed that each species
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field, hence the fluid itself, can be modeled as a
continuum. This implies that species properties
are well defined, continuously varying physi-
cal fields throughout the fluid domain. Further-
more, it is assumed homogeneous mixing in
the sense that local species properties are taken
as volume averages over infinitesimal volumes.
These assumptions allow the utilization of dif-
ferential calculus in deriving governing equa-
tions for the species transport.

Governing Equations

The set of steady-state governing equations
consists of the Advection-Diffusion equation
(ADE) for each species,
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and the restriction that the mass- and mole-
fractions must sum to unity,
N

Â
i=1

Xi =
N

Â
i=1

zi = 1 . (4)

Introducing turbulence, dimensionless vari-
ables (see Appendix) and appropriate simplifi-
cations, the simplified governing equations are
obtained:
�
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gives the mass-fraction profiles;
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gives the dimensionless temperature profile.
The ? and k indicate the directions normal to
and parallel with the wall and the bulk flow
direction, respectively, and ∂? denotes the di-
mensionless gradient component in the direc-
tion perpendicular to the wall. Fore more de-
tails, refer to Johnsen et al.7

Diffusion flux

Employing Maxwell-Stefan theory,11 the di-
mensionless diffusive mass flux of species i
normal to the wall can be expressed as

j+d,i,? = �r+
f D+

i j∂?µ j (8)

= �r+
f D+

i j
⇥
G jkLkl∂?Xl +dy, j∂?y

⇤
, (9)

where Einstein summation is employed, and
the diffusive driving force consists of two
terms; namely a diffusiophoretic term due to
composition gradients, and a phoretic term due
to gradients in other scalar fields (e.g. temper-
ature). The Di j are the multicomponent dif-
fusion coefficients, G jk = ∂zk µ j/RT , Lkl∂?Xl =
∂?zk, dy, j = ∂y µ j/RT . The chemical potential
of species j is expressed as µ j = µ0

j + µy
j +

RT ln
�
g jz j
�
, where µy

j represents the poten-
tial contribution from the supplementary, scalar
fields. In the presence of a temperature gra-
dient, the supplementary field gradient can be
written

dy, j∂?y = (∂T µ j/R)∂? ln
�
T + +T 0+

wall
�

. (10)

It follows from the definitions, that the dif-
fusive mass flux of the Nth, dependent species
is given by j+d,N,? = �ÂN�1

i=1 j+d,i,?. Hence
it suffices to solve Eqs. (5)-(7) for i 2
{1, . . . ,N �1}.

Combining Eqs. (5) and (8), it is seen that
zero net mass transport can only be ensured by
requiring that

D+
i j∂?µ j = �

�
n+

t /Sct

�
∂?Xi . (11)

In the following two paragraphs, the impli-
cations of this requirement is investigated for
two scenarios: 1) the absence of supplemen-
tary field gradients (∂?y = 0); and 2) the
presence of a temperature gradient (∂?y =
∂? ln

�
T + +T 0+

wall
�
).

S. G. Johnsen

128



Turbulent-Diffusiophoretic Diffusion

In the case of dy, j∂?y = 0, Eq. (5) can be writ-
ten as the homogeneous system of equations

D+
X ,il∂?Xl = 0 , (12)

where D+
X ,il =

h�
n+

t /Sct

�
dil +D+

i jG jkLkl

i
, and

dil is the Kronecker delta. It is readily shown
that Eq. (12) has a non-trivial solution (∂?Xl 6=
0) if and only if �n+

t /Sct is an eigenvalue of the
matrix product DDD+GGGLLL.

At the wall, where n+
t /Sct ! 0, the required

condition for non-trivial solution reduces to
det(GGG) = 0, since both DDD+ and LLL are invertible.
For ideal mixtures, g j = 1 for all j, so

G jk,ideal = d jk/z j . (13)

Hence, ideal mixtures permit the trivial solu-
tion (∂?Xl = 0) only, at the wall, absent sup-
plementary field gradients.

Combined Turbulent-Diffusiophoretic and
Thermophoretic Diffusion

In the presence of thermophoresis (due to tem-
perature gradients), there must be a balance be-
tween the turbulent-diffusiophoretic diffusion
on one side and thermophoretic diffusion on the
other. This can be expressed as the nonhomo-
geneous system of equations

D+
X ,il∂?Xl = �D+

T,i∂? ln
�
T + +T 0+

wall
�

, (14)

where D+
T,i = D+

i jdT, j. It is evident that non-
zero mass-fraction gradients are required to
counter the thermophoresis, in general.

At the wall, Eq. (14) reduces to

G jk∂?zk
��
wall = �dT, j,wallPrwall/T 0+

wall . (15)

For ideal mixtures, Eqs. (4) and (15) require
that ÂN

j=1 z jdT, j = 0 holds at the wall. This im-
plies that dT s of both positive and negative val-
ues must exist at the wall, for ideal mixtures.

MODEL FLUID
The model fluid is a ternary, calorically per-
fect mixture of perfect gasses consisting of
50, 25, and 25 mass-% of H2, N2, and CO2,

respectively. Species specific heat capacities
were extracted from the NIST Chemistry Web-
Book1 while species specific viscosities and
thermal conductivities were calculated based
on Lennard-Jones parameters found in An-
dersson.2 Details regarding the modelling of
species and mixture material properties (mass
density, viscosity, etc.) can be found in Johnsen
et al.7 Species specific input data are summa-
rized in Table (1).

Table 1. Species specific properties.

Lennard-Jones param.
Mw c1

P d W1

[kg/mol] [J/molK] [Å] [�]

H2 0.002016 28.84 2.915 0.857
N2 0.02801 29.12 3.681 1.022
CO2 0.04401 37.12 3.996 1.296
1 values at 298K.

For a ternary mixture, there are two inde-
pendent mass-fraction equations in addition to
the velocity and temperature equations. More-
over, there are only two independent diffusive
mass-fluxes, and the matrices that take part in
Eq. (9) are 2⇥2 matrices.

The elements of the diffusivity matrix, DDD,
can be expressed as11

D11 = Ð13 [z1Ð23 +(1� z1)Ð12]/S ,

D12 = z1Ð23 [Ð13 �Ð12]/S ,

D21 = z2Ð13 [Ð23 �Ð12]/S ,

D22 = Ð23 [z2Ð13 +(1� z2)Ð12]/S ,

(16)

where S = z1Ð23 + z2Ð13 + z3Ð12, the Ði j
are the binary Maxwell-Stefan diffusion coeffi-
cients, and 1,2 and 3 relate to H2, N2, and CO2,
respectively. The binary Maxwell-Stefan dif-
fusivities employed by Duncan and Toor4 are
cited in Table (2). It is noted that the Onsager
reciprocal relation implies that Ði j = Ð ji.5, 10

Bogatyrev et al.3 reported thermal dif-
fusion factors, aT , as functions of composi-
tion for each of the mixture species. The ther-
mal diffusion factors are related to the diffuio-
phoretic driving force, dT, j via the thermal dif-
fusion ratio, kT,k, by12

dT, j = G jkkT,k , (17)
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Table 2. Binary Maxwell-Stefan diffusion
coefficients for the ternary H2 �N2 �CO2

mixture.4

H2 �N2 Ð12 = 8.33 ·10�5m2/s

H2 �CO2 Ð13 = 6.80 ·10�5m2/s

N2 �CO2 Ð23 = 1.68 ·10�5m2/s

where

kT,k = zk

N

Â
l=1
l 6=k

zlaT,kl . (18)

For ideal mixtures, Eq. (17) reduces to

dT, j =
N

Â
l=1
l 6= j

zlaT, jl . (19)

Using the experimental data points at zl ⇡ 0.5
from Bogatyrev et al.,3 the thermal diffusion
factors and thermophoretic driving force coef-
ficients given in Table (3) were obtained. For
simplicity, constant dT, j were employed in the
simulations.

Table 3. Thermal diffusion factors, aT, jl , based
on data from Bogatyrev et al.3 and resulting

thermophoretic driving force coefficients, dT, j
(assuming ideal mixture, see Eq. (19)).

j aT, j,H2 aT, j,N2 aT, j,CO2 dT, j

H2 0.32 0.38 0.161
N2 0.24 0.06 0.073

SIMULATION SETUP
The equations were solved in a numerical mod-
elling framework described by Johnsen et al.7
The simulations assume fully developed turbu-
lent flow parallel to the wall. Moreover, it is as-
sumed that gradients in the main flow direction
are negligible and that gradients perpendicular
to the wall vanish in the bulk. Additional de-
tails can be found in Johnsen et al.7

The wall and bulk temperatures were set
equal to the Bogatyrev et al.3 temperatures
of 280K and 800K, respectively, and a range
of bulk flow velocities were employed. The

boundary conditions employed in the simula-
tions are summarized in Table (4).

The simulations were conducted on a 1-
dimensional computational mesh consisting of
30 grid points logarithmically distributed be-
tween the wall and the bulk. A grid sensitivity
study showed that the wall heat flux and wall
shear stress varied with less than 1% between a
grid with 30 grid points and one with 100 grid
points. The first grid point was located 10�7m
away from the wall, and the bulk node was lo-
cated 10�3m away from the wall. The results
were insensitive to decreasing the first node dis-
tance to the wall.

To isolate the effect of non-zero compo-
sition gradients, simulations with and without
diffusion were conducted. In the simulations
without diffusion, the multicomponent diffu-
sion coefficients were zero, Di j = 0 8 i, j.

Table 4. Boundary Conditions employed in
simulations.

Boundary Condition Variable Value Unit
bulk mass-fractions XH2,bulk 0.5 kg/kg

XN2,bulk 0.25 kg/kg

wall diffusion mass flux jd,H2,?,wall 0 kg/m2s

jd,N2,?,wall 0 kg/m2s

bulk temperature Tbulk 800 K
wall temperature Twall 280 K
bulk flow velocity ux,bulk 1,2,5,10 m/s

SIMULATION RESULTS
Simulations were performed with and with-
out diffusion. In the simulations without dif-
fusion, the mass-fraction profiles were con-
stant throughout the boundary layer, and fluid
properties varied only due to the varying tem-
perature. In simulations including diffusion,
however, non-constant mass-fraction profiles
resulted to balance the thermophoretic diffu-
sion by turbulent-diffusiophoretic diffusion, to
maintain zero net diffusive transport. The re-
sulting mass-fraction profiles are shown in Fig.
(1), for the various bulk flow velocities (darker
curve corresponds to higher velocity). Gen-
erally, the mass-fraction of CO2 increased to-
wards the wall while H2 and N2 mass-fractions
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Figure 1. Calculated mass-fractions plotted
against wall distance, for the three species H2,

N2, and CO2, for the bulk flow velocities 1
(light grey), 2, 5, and 10m/s (black).
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Figure 2. Calculated wall mass density, r f ,wall ,
plotted against bulk flow velocity.

decreased. Due to the composition dependency
in fluid properties (e.g. mass density and vis-
cosity), the simulations predict a bulk flow ve-
locity dependency in these.

In Figs. (2) and (3), respectively, the wall
mass density and viscosity are shown as func-
tions of the bulk flow velocity. It is seen that
the effect of diffusion is to reduce the mass den-
sity and increase the viscosity. In the absence
of diffusion, the mass density and viscosity are
insensitive to the flow velocity since the wall
temperature was fixed.

In Fig. (4), the wall heat fluxes are shown
as functions of bulk flow velocity, for simula-
tions with and without diffusion. Negative heat
flux indicates that the heat flows from the fluid
into the wall, and the magnitude of the heat flux
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Figure 3. Calculated wall viscosity, µ f ,wall ,
plotted against bulk flow velocity.
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Figure 4. Calculated wall heat flux, qwall ,
plotted against bulk flow velocity (negative

heat flux indicates that heat is flowing from the
fluid into the wall).

generally increases with the bulk flow velocity,
as expected. The simulations predict that dif-
fusion will reduce the efficiency of the heat ex-
change between the bulk and wall.

In Fig. (5), the wall shear stresses are shown
as functions of the bulk flow velocity, for sim-
ulations with and without diffusion. The wall
shear stress increases with increasing flow ve-
locity, as expected, but the simulations predict
that diffusion will reduce the growth rate.

CONCLUSION
Employing mathematical modelling, it has
been shown that the combined turbulent, dif-
fusiophoretic and thermophoretic diffusion can
have a siginficant effect on composition pro-
files in the turbulent boundary-layer for in-
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Figure 5. Calculated wall shear stress, twall ,
plotted against bulk flow velocity.

ert, multicomponent fluids. This is of impor-
tance for the interpretation of rheology mea-
surements to establish e.g. viscosity and ther-
mal conductivity, since the fluid composition at
the wall may differ significantly from the bulk
composition.

Mathematical proof was given to support
the following statements for inert mixtures:

• In the absence of supplementary scalar
field gradients:

– Non-constant composition profiles re-
quires that �nt/Sct is an eigenvalue of
the matrix product DDDGGGLLL.

– Non-zero compositional gradients at
the wall requires that det(GGG) = 0.

– Ideal mixture are not permitted to have
non-zero compositional gradients at
the wall.

• In the presence of a temperature gradient:
– Non-zero compositional gradients are

required to counter the thermophore-
sis.

– For ideal mixtures, the thermophoretic
driving force coefficients must obey
ÂN

j=1 z jdT, j = 0.
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NOMENCLATURE
∂z Partial derivative w.r.t. the arbitrary

variable z , 1/[z ].
——— The vector differential operator, 1/m.
aT Thermal diffusion factor, dimensionless.
g Activity coefficient, dimensionless.
GGG Matrix of diffusiophoretic driving force

coefficients, dimensionless.
G jk Element of GGG, dimensionless.
cP Fluid specific heat capacity, J/kgK.
dkl Kronecker delta, element of III, dimen-

sionless.
ddd Diffusive driving force vector, 1/m.
dT Thermophoretic driving force coeffi-

cient, dimensionless.
dy Phoretic driving force coefficient per-

taining to the potential energy field y ,
1/[y].

Ði j Binary Maxwell-Stefan diffusion coeffi-
cients of species i in species j, m2/s.

DDD Matrix of multicomponent diffusion co-
efficients, m2/s.

Di j Element of DDD, diffusivity of species i in
species j, m2/s.

DT Column vector of thermophoretic diffu-
sivities, m2/s.

DT,i Element of DT , m2/s.
DX Matrix of turbulent-diffusiophoretic dif-

fusivities, = (nt/Sct) III +DDDGGGLLL, m2/s.
DX ,il Element of DX , m2/s.
g Acceleration, m/s2.
hsens Specific sensible enthalpy, J/kg.
III Identity matrix, dimensionless.
jjjd Diffusive mass flux vector, kg/m2s.
k Thermal conductivity, Wm/K.
kT Thermal diffusion ratio, dimensionless.
LLL Mass-mole transformation matrix, di-

mensionless.
Lkl Element of LLL, dimensionless.
µ Molar chemical potential, J/mol,

or dynamic viscosity, Pas.
Mw Molar mass, kg/mol.
n Kinematic viscosity, m2/s.
N Number of species in mixture.
P Pressure, Pa.
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Pr Prandtl number, dimensionless.
r Mass density/concentration, kg/m3.
R Universal gas constant,

8.3144598J/Kmol.
Sc Schmidt number, dimensionless.
T Absolute temperature, K.
ttt Shear-stress tensor, Pa.
uuu f Mass-averaged advective fluid velocity

vector, m/s.
X Mass fraction, kg/kg.
y Distance to the wall, m.
z Mole fraction, mol/mol.
y Supplementary potential field, dimen-

sions in accordance with potential field.

Sub/superscripts
+ Dimensionless variable.
0 Reference state or value.
? Wall-normal component.
f Property of the fluid mixture.
i, j,k, l Species indexing.
y Property pertaining to the potential en-

ergy field, y .
t Turbulent.
T Property pertaining to the temperature

field.
wall Value at the wall.
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APPENDIX - DIMENSIONLESS VARIABLES
The model equations presented in this paper
are presented in dimensionless form. Dimen-
sionless variables are denoted by superscript
+. When making the conservation equations
dimensionless, typical wall unit scaling is em-
ployed. Selected scaled variables are given be-
low.

The shear velocity is defined as

ut =
p

tw/r f ,wall , (20)

the dimensionless wall distance is defined as

y+ = yut/n f ,wall , (21)

where y is the normal distance to the wall.
n f ,wall = µ f ,wall/r f ,wall is the kinematic viscosity
at the wall, the dimensionless fluid velocity is
defined as

u+
f = u f/ut , (22)

and the dimensionless mass flux is given by

j+ = j/r f ,wallut . (23)

Fluid properties are typically converted to
wall units by scaling with the value at the wall;
e.g.

r+
f = r f/r f ,wall , (24)

µ+
f = µ f/µ f ,wall , (25)

k+
f = k f/k f ,wall . (26)

The dimensionless, turbulent thermal conduc-
tivity is defined as

k+
t = n+

t r+
f c+

P (Prwall/Prt) , (27)

and the dimensionless, turbulent kinematic vis-
cosity is modelled as6

n+
t, f =

(
(y+/11.15)3 for y+ < 3.0,

(y+/11.4)2 �0.049774 for 3.0  y+  52.108,

0.4y+ for 52.108 < y+.

(28)

Diffusivities are scaled by the fluid kine-
matic viscosity at the wall, e.g.

D+
i j = Di j/n f ,wall . (29)

The dimensionless temperature is given by

T + = Tut r f ,wallcP, f ,wall/qw �T 0+
wall , (30)

where

T 0+
wall = Twallut r f ,wallcP,wall/qw , (31)

and qw = � k f ∂?T
��
wall is the wall heat flux.

The Prandtl number is given by

Pr = cPµ f/k f . (32)

Constant turbulent Prandtl and Schmidt num-
bers of Prt = 0.85 and Sct = 0.7, respectively,
were employed.
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