ANNUAL TRANSACTIONS OF THE NORDIC RHEOLOGY SOCIETY, VOL. 27, 2019

A new approach to analytical and numerical solutions for nonlinear viscoelastic
fluids

Sajjad Pashazadeh and Azadeh Jafari

School of Mechanical Engineering, College of Engineering, University of Tehran, P.O. Box
11155-4563, Tehran, Iran

ABSTRACT

This study provides a new approach for
deriving analytical and numerical solutions
for finitely extensible nonlinear elastic
fluids using the Peterlin closure (FENE-P)
viscoelastic fluid flows in a 2D channel and
a 3D pipe in a fully developed condition.
The validity of the present approach has
been confirmed by the analytical solution
proposed originally by Cruz et al. (Cruz et
al., JNNFM, 132 (2005) 28-35). The
numerical simulation of the FENE-P fluid in
a slit flow and a tube flow has been carried
out using both the spectral’/hp element
method and the third-order Adams-
Bashforth method for the spatial and time
discretization respectively. A velocity
correction splitting scheme method has been
applied for the pressure-velocity decoupling
algorithms. The effects of the dimensionless
parameter characterizing the viscoelasticity,
the Weissenberg number, and the finite
extensible parameter are investigated on
polymeric normal stress, shear stresses and
the velocity profile. Regarding the shear
thinning characteristic of the FENE-P
model, the velocity profile becomes flatter
as Weissenberg number increases.

INTRODUCTION

Nowadays one of the challenges for
rheologists is to find and develop analytical
and numerical solutions for viscoelastic
flow problems. Many analytical and
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numerical attempts have been made to solve
these problems

For many generalized Newtonian fluids,
there are analytical solutions derived and
compiled by Bird et al.!. For some
differential viscoelastic models such as the
Giesekus and Johnson-Segelmant models,
some proposed solutions are available from
other researchers; a non-exhaustive list of
those research works are?**>. Recently,
Cruz et al® have presented analytical
solutions for fully developed pipe and
channel flows of two viscoelastic fluids
including a Newtonian solvent; polymer’s
contribution is described by Phan Thien
Tanner and FENE-P models.

In addition to the analytical solutions for
viscoelastic fluid flows, there are a lot of
approximate solutions that use different
numerical methods. Here, we suffice to say
that those research works have used high
order numerical methods, specifically
spectral element methods (SEMs). Gervang
et al.” study the viscoelastic flow past a
sphere by spectral methods. Fiétier et al.®
present time-dependent algorithms to
develop spectral element methods to
simulate unsteady flows of viscoelastic
fluids using a closed form of a differential
constitutive equation on a straight channel
and a 4-1 contraction by UCM and FENE-P
models. Fiétier et al.” analyze linear stability
on time-dependent with SEM by alternating
different parameters, factors and boundaries.
Phillips et al.! employ SEM to simulate
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viscoelastic ~ flows  using  Brownian
configuration fields; comparisons are made
between simulations based on both the
Oldroyd-B constitutive model and those
based on Brownian configuration fields
using Hookean dumbbell models. Jafari et
al.!'' propose a new extended matrix
logarithm formulation in order to remove
instabilities observed in the simulation of
unsteady viscoelastic fluid flows (FENE-P
model) in the framework of the spectral
element method on a 2D channel geometry.
Kynch et al.!> present a high-resolution
spectral  element  approximation  of
viscoelastic flows (Oldroyd-B and FENE-P)
in asymmetric geometries (flows past a
fixed sphere) using a DEVSS-G/DG
formulation.

This article is divided into two main
parts. In the first part, we introduce a new
semi-analytical solution for the FENE-P
model in a channel and pipe flows in the
fully developed condition. In the second
part, a numerical solution in the context of
SEMs is developed and discussed making a
comparison between the proposed analytical
solution and the approximate solution of
SEM.

GOVERNING EQUATIONS
Figure 1 a and b, below, presents a
schematic of the 2D channel and the 3D
pipe showing the geosronetries of this study:
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Fig. 1 a. Schematic of the 2D channel
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Fig. 1 b. Schematic of the 3D pipe

186

As in Newtonian flows, the viscoelastic
flows are governed by mass and momentum
equations. The only difference is that, the
momentum equation 1s modified with
respect to the polymeric stresses. For
incompressible  fluids ~ with  constant
viscosity, the continuity and momentum
equations with respect to viscoelastic fluids
can be written as equations (1) and (2)
below:

V.V =0, M
and,

pv 1 5

DL —;Vp + usVV + p V., Q)

where V, T, and p are the velocity and
pressure fields, respectively. us, p, and p
show the solvent viscosity, the polymeric
viscosity and the density of the fluid,

) DV : )
respectively; and o s the material
derivative function and can be written as:
bv._ov +V.vw ©)
Dt~ at

As we have seen in equation (2), the
polymeric stresses are added as a source
term to the momentum equation in the form
of V.7,. To obtain the polymeric stresses, a
constitutive equation with regards to the
viscoelastic model must be calculated. In
this study, we work specifically on FENE-P
fluids and the mathematical equation of this
non-linear dumbbell model will be
introduced later.

In order to reduce the parameters that
govern our study and decrease the
calculation space, and considering repetitive
parameters such as specific velocity, U, the
height of the channel or diameter of the
pipe, D, the density of the fluid, p, and the
viscosity of the solvent ug, we are able to
introduce the following dimensionless

variables:

* Xi * y * U 4
xi=51 :}’i=511t =ty )
S A

YEDOV SO T T
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All variables with are in the
dimensionless form. For simplicity from
now on we omit “*”, as all of the variables
are converted to the dimensionless form.
The dimensionless form of the continuity
and momentum equations are as follows:

V.V =0, and ®)
v_o1 Ri , 1-R,_1, 6)
Dt Re'P TR VT TRe VWi

where Re, is the Reynolds number and is
equal to the ratio of the inertia forces on the
viscous forces. R, is the ratio of the solvent
viscosity to the total viscosity and is equal to

Bs where Ut = Us + Uy, . Finally, Wi is the

He
. . AU
Weissenberg number and is equal to - and

A is the characteristic relaxation time of the
viscoelastic fluids.

it is worth mentioning that for a semi-
analytical solution to the pipe flow, we use
the cylindrical coordinate, and for the full
numerical solution we use the Cartesian
coordinate. In the cylindrical coordinate the
velocity field is equal to V = (I,.,Vp,V}),
where V., Vy, and V, represents the
component of the velocity in the 7,0,z
direction and in the Cartesian coordinate, the
velocity is equal to V = (, V), V;) and V4,
V, and V, are the velocity components in the
direction of x,y,and z respectively. For
the 2D channel, we use the Cartesian
coordinate for both the semi-analytical and
the full numerical solution, and the velocity
vector is defined as V=(1,V;) where V,
andVj, are velocity components in the
directions of x,y, respectively. The
polymeric stresses for the FENE-P fluid are
governed by equation (7),

C

Tp

= @ —~1, (7
where b is the finite extensibility
parameters; b = 8 for this study. € is the
conformation tensor and is calculated from
the partial differential equation below:

T W.VC- (W) .C—C.(W) = -2

wi’

®)
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3D SEMI-ANALYTICAL SOLUTION

To simplify the problem, we assume a
fully developed and steady state condition;
also, we consider that the velocity in the
directions of r and 6 is equal to 0 (I, =
Vg = 0). So, from the continuity equation
(5), we have :

_ 0V  10Vg  0Vz _ 9z _ 9
V'V_ar+rae az az_O'
In order to solve the FENE-P equation (8),
we first introduce VV,C ' Tp in the
cylindrical coordinate, as follows:
vy Ve Vg
or or or
—|19% _Ve 10Ve  Vr 10Vl _
VV_rae T r 06 T r 06 -
ovr we v (10)
aVaz 0z 0z
0 0 .
0o 0 O0Ff
0 0 O
Crr Cre Crz-
C = CTG ng ng . and (11)
Crz Cez sz—
Trr Tro Trz
T, =|%re Toe  Toz|. (12)
Trz Toz Tzz]

by introducing the above equations (10) to
(12), in equation (8), we get:

7 T = 0,70 T, =0, (13)
. Trz oV

(A4 Wi CTTE,GG: Tgg = 0,
Tz _ o V2o Tz e

0z: S = Crooy » 220 3 = 2G50

Extending equation (7) and combining it
with equation (13) produces the following:

14
o120 5 ¢, =1-29 (9
b2
15
r0: —25=0 = Cyq =0, (15)
b2
c Y,
rz: % =T,y = WIiC,, a_rz’ (16)
b2
17
00: <5 —1=0 = Cpy=1-"3, 17
b2
c LV,
0z: —25 =19, = WiCrg a_rz (18)
1_b_2
(1=32 Co, = 0, and
0z — Y
c 1
zz: ﬁ —-1=r1, =2WiC,, a—:. (19)

b2
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Next, by extending equation (6), we have:
T a— =0,80: o _ 0,

1 (’)p _ R, [16< 6VZ>]+1—Rn 1 (01}2 Tyy
% Redz Relror rar Re or r
R, (10V, 8%\ 1-R, 1 [a
" Re rar+ar2 + Re “Wilor

In the equation above, due to couplings and
the non-linearity of the equation, it is not
easy to find a full analytical solution. One of
the most accessible ways to reach an
analytical solution is by using numerical
methods. We use a finite difference with
first order backward discreet domain into
1,000 parts, and explicitly by the boundary
of no-slip condition on(r=R);therefore, we
can find a solution for the V,, C terms and
subsequently find 7, by equation (13)
relations.

2D SEMI-ANALYTICAL SOLUTIONS
For 2D geometry, in the Cartesian

coordinate and assuming that 1}, =0, the

continuity equation will be simplified to:

_ OV | OVy Vi _ e2))
VY =it =50 =0,

and the gradient of the velocity field, the
conformation tensor, and the polymeric
stresses in the 2D Cartesian coordinate can
be written as:

av,
ay
av,
9y
C
xy], and

avy
ox
v,
0x

C= [Cxx

22
— 22)

(23)

Cyy

. = [Txx Txy]
PoolTxy Tyyl

Cy y

(24)

Introducing equations.
equation (8) produces:

(22) to (24) into

aV (25)
=2WiCyy —— dy
6V (26)
= WiC,, — 3y ,and
7,y = 0. 27)
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) (20)

v, c, v,
(ch ) + Wi——].

™ or r or

From equation (6) we get :

] Ry, 82V, 1-Ry, 07 28
W Ra Wy 1oRn 0%y g @9
dx  Re 0y? ReWi 09y

a

P2 _ . (29)
oy

by integrating equation (28) in the y-
direction and implementing the boundary
condition in the center of the channel

(%=rxy=0,at:y=§),wehave'
9 ap 30
oy~ Rwi T R V7R, 2'

Then, by combining equations (26) and (30),
we reach the relationship as follows:

aV;
ay

ap ap 31
— Rn Re ﬁ Reox axD ( )
Ry +Cpy—RuCyy\ Ry > 2R, |
By coupling equation (7) with equations
(27), (26) and (25) respectively we have:

tr(c) _ b2—Cyx (32)
Cyy =17 = 1+b2 ’
C 33
—&E = WLny a , and (33)
b2
c av,
g~ 1= 2WiC, 3= (34
b2

Finally, by solving the system of equations

(31) to (34), it is possible to find a solution

ov

for 3y and subsequently for 7,,,7y,. In

order to find the velocity, we integrate
equation (30) in the direction of y, as
follows:

1- Rnf'[xy

Re3P Re3Z (35)

2P,

V. = —
x R, 2

SPECTRAL ELEMENT METHOD

Spectral methods are estimated by high
order polynomials approximation (usually
according to Chebyshev). We usually use
this method in simple geometries as it is not
easy to manipulate in complex geometry,
except by using the decomposition method,
that finally leads to some of the complicated
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equations taught. Spectral element methods,
or SEM, is a mixture of finite element
method capability in complex geometries
with high order polynomials, precise
approximation of spectral methods. The
difficulty of implementing SEM is balanced
by its great and fascinating capability to
reach solutions in the areas that have high
gradient and lower dissipation and distortion
compared to other numerical methods. This
method had been used in [13-15]. The
spectral’/hp  element method includes
refinement with two techniques, “p” and
“h”;  “p” refers to the number of elements,
and “h” refers to the polynomials degree in
approximations. By increasing the number
of elements and degrees we are able increase
develop the accuracy of solutions. The
domain in the 2D channel was divided into
20 equal elements, and the 3D cylinder was
also divided into 20 elements. The discrete
geometries are shown in Figure 2, below.

HEEEEENEEE

LTI

a) Spectral element of a 2D channel

b) Spectral element of a 3D pipe

Fig. 2. Discrete geometries

for 2D channel we have:

N N
X 36
W) ~ Z PR AT G0
p=0 q=0
, and for 3D pipe we have:
VEEE =Y Y B EI0EINE e )
p=0 =0 s=0

where v is the general dependent term; lﬁpqs
,zﬁpq are the expansion coefficients; &; are
the local spatial alternatives that are put in
-1, +1; N is the degree of basis; and finally,
by, By, ®; are modal functions that could be
calculated as follows:

-9 j=0
2
a-9Ha 6) .
(pj = > i (f) for0<j<N, (38)
(1+€)
2 j>N

where le_’ll is a Jacobi function [16]. Also to
discretize the time aspect of the problem in,
we use the 3™ order of Adams Bashforth
method; for more information please refer to
[17].

The numerical study in both the 2D and 3D
test cases was carried out using dt = 10e — 05
and the polynomial degree of the modal
basis in all space directions was set to N =
5.

Each dependent parameter, such as the BOUNDARY CONDITIONS
pressure, tension and velocity on the
standard element through the expansion of
tonsorial basis, is approximated as follows: For the 2D channel:
Inlet Outlet Walls
. Dirichlet : Dirichlet:
Polymeric . . Neumann: . .
. (our semi-analytical (our semi-analytical
Tensions . (fully developed) .
solution) solution)
. Dm.Chlet: . Neumann: Dirichlet:
Velocity (our semi-analytical - 1 "qeveloped)  (no-slip condition)
solution) y P P
Pressure Neumann: Dirichlet: Neumann :
(fixed gradient) (zero pressure) (zero)
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For the 3D pipe, we used the same boundary
condition; however, for the pressure on the
walls and outlet we used high order
boundary condition. For more information
please refer to [18].

RESULTS
All the parameters set in our study are
equal to:

1
Re=1,b=8,D=1,Rn == (39)
9
% _ _o11(for2p % _ _o11(for 3D
I A1(for 2D) , Frie 11(for 3D)

To wvalidate our analytical solutions, we
compared our results with the analytical
result proposed by Cruz et al. [6] in both
geometries. Figure 3, below, shows the
polymeric normal and shear stresses and the
velocity profile at Wi =05 for the 2D
channel at the outlet’s cross-section.

Cruz et al.[6]
Semi Analytical
SEM

Cruz etal.[6]

0.2 f_ Semi Analy

SEM

0.05 |-

-0.05

Cruz et al.[6]
0.014 — Semi A yti
I - SEM

0.012 |-

0.01 ;
0.008 |-
0.006 |~
0.004 |-

0.002 |~

y
¢)
Fig. 3. 2D validation at the exit of the channel. a)
Normal stress b) Shear stress c¢) Stream-wise velocity
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As can be seen in Fig3, the present semi-
analytical solution and the numerical
solution have very good agreement with the
analytical solution of Cruz et al.. The
polymeric normal and shear stresses with
stream-wise velocity and pressure along the
channel at Wi = 5 are shown in Figure 4.

Txx: 0.01 0.03 0.05 0.07 0.09 0.11 0.13

o
-
n
w
IS
o

b) Polymeric shear stress

’

Vx.- 0.001 0.003 0.005 0.007 0.009 0.011 0.013
—

1 2 3 4 5
X

¢) Stream-wise velocity

p: 0.05 0.15 0.25 0.35 0.45

o

0 1 2 3
X

d) Pressure
Fig. 4. Numerical solution of FENE-P fluids at Wi = 5 in
the channel flow. a) Polymeric normal stress, b) Polymeric
shear stress, ¢) Stream-wise velocity, d) Pressure.

Figure 5, represents the comparison of the
present analytical and numerical solution
with the analytical solution proposed by
Cruz et al. [6] in the 3D pipe. Similar to the
2D geometry, a very good agreement for all
variables, polymeric normal stress, shear
stresses, and stream-wise velocity can be
seen see in Figure 5.
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i = e The numerical results of the contours of the
03| ———=—— Semi Analytical . K
“°r Sem polymeric stresses, velocity, and pressure
i are shown in Figure 6, below.
0.02 |
'5‘115 = /&\
001 | .
- ..
0.005 — 0.032
B o058
o 1 1 1 1 ] 0.026
(o] 0.1 0.2 0.3 0.4 0.5 0.024
- base
a) o016
0.014
0.12 ———a— Cruzetal.[6] gg: 2
0.1 ——=——— Semi Analytical 0.008
SEM 0.006
0.08 g:gg;
0.06

o
o
N
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oo b
-0.5 -04 -03 -0.2 -0.1 0o 01 02 03 04 05

X
| Cruz etal.[6]
0.1 Semi Analytical
B SEM
0.05
~ |
> -
W Or
-0.05 -
-01
0.007 ——a—— Cruzetal.[6]
B Semi Analyti
0.006 |- SEM
0.005 |-
0.004 |-
=N
0.003 [~
0.002 |-
0.001 |~
ol o 0y
9 0.1 0.2 0.3 0.4 0.5
r

Fig. 5. Validation of the pipe flow. a) Normal stress. b)
Shear stress in x-direction. c)Shear stress in y-direction.
d)Axial velocity

d) Stream-wise velocity
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z
S
x

e)Pressure

Fig. 6. Numerical solution of FENE-P fluids at Wi =
5 in the pipe flow. a) Polymeric normal stress, b)
Polymeric shear stress in the x-direction, c¢)
Polymeric shear stress in the y-direction, d) Stream-
wise velocity ¢) Pressure

CONCLUSION

In this paper, we propose a new
methodology to obtain a semi-analytical
solution for the FENE-P fluids in a 2D
channel and a 3D pipe flow. As part of the
analytical solution, we simulated the 2D and
3D flows using spectral element methods.
The validations of the present analytical and
numerical solutions were carried out by
making comparisons with the analytical
solution originally proposed by Cruz et al.
[6]. Both the numerical and analytical
results show very good agreement with the
analytical result of Cruz et al. for both the
2D and 3D fluid flows.
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