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ABSTRACT
As part of well construction operations, steel
pipes, called casings or liners, are anchored
to the surrounding rock formation by a layer
of cement which is placed there in an opera-
tion known as primary cementing. Successful
cementing is dependent of complete displace-
ment of drilling fluid in the annular space by
the cement slurry with minimum intermixing
of the fluids. In this paper we study three-
dimensional annular fluid displacements using
an open source computational fluid dynamics
platform. We focus particularly on the effects
of fluid yield stresses on iso-density displace-
ments in an eccentric annulus with diameter
equal to that of relevant well dimensions.

INTRODUCTION
Construction of wells for geothermal energy re-
covery or hydrocarbon production proceeds in
stages, where the a section of the well is drilled
to a target depth and then secured by cementing
a casing string or liner to the newly drilled for-
mation. The casing string or liner is cemented
to the formation in the operation often referred
to as primary cementing where a cement slurry
is pumped down the well inside the casing or
liner to be cemented. At the bottom, the cement
slurry flows out of the casing or liner and back
up toward the surface in the annular space be-
tween the string and the formation. Once the
required volume of cement slurry is injected
into the annulus, the slurry is allowed to harden
into a solid sheath.

Before cementing, the annulus outside the
casing is occupied by the drilling fluid used
to drill the current section. An important goal
of primary cementing is to completely displace
this initial fluid from the annulus and replace it

by cement. It is well established that complete
fluid displacement and minimum intermixing
of fluids into the cement slurry are important
steps for ensuring zonal isolation and a com-
petent annulus cement barrier. Drilling fluids
are however normally yield stress fluids that are
designed to lift cuttings during drilling and to
suspend solids during periods of no circulation.
Displacement of such fluids from narrow annuli
where the casing string or liner is generally off-
centered from the axis of the hole (eccentric) is
a delicate operation requiring careful design of
fluid densities, viscosities and flow rates.11

Wellbore displacement mechanics are
strongly influenced by the annular geometry
and governed by the balances between inertia,
buoyancy, viscosity as well as fluid properties
such as yield stress. Eccentricity results in
uneven flow velocities around the casing and
potentially static yield stress fluid in the narrow
sector.5, 6

Under laminar conditions it is generally
beneficial to have the displacing fluid as denser
and effectively more viscous compared to the
displaced fluid. Ideally, a carefully designed
fluid hierarchy would result in stable displace-
ments, i.e. displacements where the interface
between successive fluids translates axially at
the imposed bulk velocity. Couturier et al.4
and later Théron et al.9 formulated a set of
design rules promoting stable displacements in
predominantly vertical annuli where an unsta-
ble interface is assumed to propagate fastest in
the wide sector of the annulus.

It is not always possible to have a large, sta-
bilizing density difference between consecutive
fluids due to the resulting hydrostatic head of
the column. Excessive wellbore pressure can
result in formation fracturing, fluid losses and
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unsuccessful cementing. In this paper, we re-
port results from three-dimensional numerical
simulations of iso-density displacement flows
and focus on the effects of fluid yield stresses
in an eccentric annulus with diameter equal to
that of relevant well dimensions. We study ef-
fects of yield stress in the displaced and in the
displacing fluid by varying the Bingham num-
ber while maintaining the other dimensionless
numbers constant.

PROBLEM FORMULATION
We consider laminar, incompressible and
isothermal flows so that the equations govern-
ing the annular fluid flow are those of continu-
ity,

~— ·~u = 0, (1)

and momentum conservation,

∂r~u
∂ t

+~— · (r~u~u) = �~—p+~— ·⌧ +r~f . (2)

Here, r denotes fluid density, ~u is the fluid ve-
locity vector, p is the pressure, ⌧ is the devi-
atoric stress tensor and f denotes body forces
acting on the fluids. Gravity is the only body
force included in our simulations.

We focus on an annulus geometry corre-
sponding to a 9 5/8” diameter casing in a 12
1/4” diameter wellbore. This is a common di-
ameter combination for the so-called produc-
tion casing which is used to isolate producing
formations in wells. A competent and isolat-
ing annulus cement is critical outside the pro-
duction casing, making this a relevant annulus
geometry for this study.

We next define the degree of casing central-
ization in the hole, or casing eccentricity de-
fined as e = d/(Ro �Ri), where d is the radial
offset between the center of the casing and the
center of the hole. If the production casing is
run in hole with no centralizers attached, it is
fair to assume that the casing collars will con-
tact the borehole wall. A typical 9 5/8” cas-
ing will have collars of outer diameter 269.9
mm. This corresponds to an eccentricity of ap-
proximately 0.62 away from the collars. Rec-
ognizing the importance of good centralization

for successful fluid displacement and cement-
ing, we assume the casing eccentricity is 0.4.

We proceed to non-dimensionalise the gov-
erning equations by introducing characteristic
length, time and viscosity scales, as per Skad-
sem et al.12 Denote the radius of the inner
cylinder by Ri and the radius of the outer cylin-
der by Ro. We choose the concentric annu-
lus gap width d⇤ = 2(Ro �Ri) as characteris-
tic length scale for the displacement flow. The
mean or bulk velocity U⇤ is taken as character-
istic velocity scale and ġ⇤ = 4U⇤/d⇤ is char-
acteristic shear rate. For fluid i, the charac-
teristic effective viscosity is then µ⇤

i = µi(ġ⇤).
We identify the dimensionless numbers listed
in Table 1 for these iso-density displacements.

Table 1. Dimensionless numbers for scaling
analysis.

Number Definition Description

Rei
riU⇤d⇤

µ⇤
i

Reynolds number in fluid i

Bni
ty,id⇤

µ⇤
i U⇤ Bingham number in fluid i

ni Shear thinning index for fluid i

The Reynolds numbers express the ratio of
inertia to viscous stress in the fluids while the
Bingham numbers express the ratio of yield
stress to viscous stress. In the following sec-
tion we will define fluid combinations where
the Reynolds numbers and shear thinning in-
dices are fixed but where the Bingham number
varies.

We consider displacements involving one
shear thinning yield stress fluid, fluid 1, and one
shear thinning fluid with no yield stress, fluid
2. As the base case, we consider the follow-
ing Herschel–Bulkley fluid t(0)

1 = (5.0+0.55 ·
ġ0.75) Pa as fluid 1 and the following power law
fluid as fluid 2: t(0)

2 = t2 = 0.58 · ġ0.8 Pa. We
assume a constant axial flow rate of 1200 l/min
which results in Bn1 = 1.43 for the base case.
In order to investigate the effect of yield stress
on this annulus displacement, we consider two
modifications of the fluid 1 parametrization,
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namely t(1)
1 = (2.5 + 0.70ġ0.75) Pa and t(2)

1 =
(10.0 + 0.24ġ0.75) Pa. These parameter values
are chosen so that the effective viscosity of fluid
1 is the same as for the base case at 1200 l/min.
This results in the same Reynolds number, but a
factor 2 decrease or increase in Bingham num-
ber compared to the base case.

The effect of different fluid 1 viscosities can
be glanced from the friction pressure gradient
as function of flow rate in a concentric annulus
geometry of the same diameters as in our prob-
lem, shown in Fig. 1. At 1200 l/min, the base

Fluid 2
Fluid 1; ⌧y = 10Pa
Fluid 1; ⌧y = 5Pa
Fluid 1; ⌧y = 2.5Pa
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Figure 1. Laminar concentric annulus friction
pressure gradients for fluid 1 (base case and
two variations) and for fluid 2 (base case).

case results in the same friction pressure gra-
dient in both fluid 1 and fluid 2. For t(1)

1 with
yield stress of 2.5 Pa, the higher consistency
index results in a net higher friction pressure
gradient at high flow rates. For t(2)

1 , the high
yield stress results in a relatively high friction
pressure gradient at low flow rates. The friction
pressure gradient is however lower than fluid 2
at 1200 l/min.

We investigate separately in the following
the cases where fluid 1 is displaced or displac-
ing fluid 2. In each case we investigate the ef-
fect of yield stress by varying the fluid 1 vis-
cosity from the base case t(0)

1 to the modified
t(1)

1 and t(2)
1 .

NUMERICAL METHOD
We solve the governing equations via the in-
terFoam solver from the open-source software
OpenFOAM version 5.0,1 which enables finite-
volume computations of multiphase flow with
non-Newtonian fluids. In this solver, the
volume-of-fluid approach is used, where the
fluids are immiscible in the sense that the vol-
ume fraction is calculated while the interface is
captured. Averages of quantities such as the ve-
locity and density are weighted by the volume
fraction of the phases and then used in the con-
tinuity and momentum conservation equations.
The assumption of immiscibility is considered
to be appropriate due to the large difference be-
tween the time scale of diffusion and the time
scale of the simulations. At the inlet bound-
ary, we prescribe a uniform, axial velocity over
the annulus cross-section that is equal to the
bulk velocity. No slip conditions are imposed
at the walls, however, a short inlet extension is
added with free slip conditions to ease the en-
trance development of the flow. A fixed refer-
ence pressure is applied at the outlet. We apply
zero gradient boundary conditions for the ve-
locity vector at the outlet and the pressure at the
inlet. For more information about the method,
the reader is referred to Skadsem et al.12

A problem when simulating yield stress flu-
ids numerically, is the divergence of the ef-
fective viscosity in regions of the flow where
the shear rate approaches zero. For practi-
cal numerical computations, yield stress flu-
ids are usually regularized, so that the ef-
fective viscosity is large but finite in regions
where the shear rate is zero. Following ini-
tial tests comparing results from an implemen-
tation of the Papanastasiou regularization3, 10

with OpenFOAM’s built-in bi-viscosity regu-
larization, we found that the latter gives satis-
factory results for the present cases.

The effect of mesh resolution on the ax-
ial velocity profile was studied for single-phase
flow of the fluid with the highest yield stress,
i.e. with Herschel–Bulkley parametrization
t(2)

1 = (10.0 + 0.24ġ0.75) Pa, as we assume
this to be the most challenging fluid in the
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Figure 2. Numerical mesh where half of the
system is clipped away to show the internal

cell structure. A close-up view is show below.
Note the short entrance section with different
mesh resolution, in which free slip conditions

are used at the inner and outer walls.

study. We fixed the number of cells in the az-
imuthal direction to 80, since for symmetry rea-
sons in a concentric annulus this number is not
likely to affect the results. We then changed
the axial and the radial resolutions indepen-
dendtly as shown in Fig. 3, and it was found
that the axial resolution hardly affected the re-
sults. When compared to the semi-analytical
result for the fully-developed, laminar axial ve-
locity profile for the concentric annulus,2 we
find that the radial resolution significantly af-
fects the accuracy of the numerical results. The
peak velocity differs by less than 2 % for all
the shown radial resolutions compared to the
semi-analytical calculations, but the shoulders
of the velocity profile is clearly improved with
increased number of cells across the gap.
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Figure 3. Fully developed axial velocity
profile in a concentric annulus for the fluid

with the highest yield stress. In the upper plot
(a) a fixed number of 12 cells are used across
the gap, while the axial density of cells are

varied as indicated. In (b) the axial density is
fixed at 160 cells/m while the radial number is

increased.

In a displacement process in an eccentric
annulus there can be significant flow in the az-
imuthal direction in the vicinity of the inter-
face between the displacing and displaced flu-
ids due to the rearrangement of the axial veloc-
ity. Consequently, the importance of azimuthal
and axial resolution is increased compared to
the single-phase flow in a concentric annulus
that was investigated above. To complement
the mesh sensitivity study, we monitored the
volume concentration, sometimes referred to as
the displacement efficiency,7, 8 during the case
PL-HB10 (see Table 2 below for specification
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Figure 4. Volume concentration as a function
of time in a 5 m long section with eccentricity
e = 0.4 for various meshes, as indicated. The

fluids are specified by case PL-HB10.

of the involved fluids). This is shown in Fig. 4
for various mesh combinations, where Nf ,Nr
and Nz refer to azimuthal, radial and axial res-
olutions, respectively. A shortened test section
length of 5 m was used.
Only minor differences can be seen in the vol-

Table 2. Simulated displacement cases and
parametrizations.

Case
name

Displacing fluid Displaced fluid

ty K n ty K n
(Pa) (Pa sn) (-) (Pa) (Pa sn) (-)

PL-PL - 0.58 0.8 - 0.58 0.8
PL-HB2 - 0.58 0.8 2.5 0.70 0.75
PL-HB5 - 0.58 0.8 5.0 0.55 0.75
PL-HB10 - 0.58 0.8 10 0.24 0.75
HB2-PL 2.5 0.70 0.75 - 0.58 0.8
HB5-PL 5.0 0.55 0.75 - 0.58 0.8
HB10-PL 10 0.24 0.75 - 0.58 0.8

ume concentration, however, the largest influ-
ence is still produced by variations in the radial
resolution. We conclude that satisfactory accu-
racy can be achieved for the current study with
Nf = 80 and Nr = 24 and with 80 cells per me-
ter in the axial direction, i.e. Nz = 400 when the
length is 5 m.

For the remainder of this work, the axial
length is 10 m, not including the aforemen-
tioned inlet extension, which is 0.05 m. The
cases are summarized in Table 2.

RESULTS
In all the cases, the fluid to be displaced is ini-
tially at rest and filling the entire domain, and
at the start of the simulation the inlet velocity
is linearly ramped up from zero to a uniform
and steady 0.686 m/s after 0.1 s simulated time
in order to smooth the development of the flow.
This is a small time scale compared to the time
scale of interest and can safely be ignored when
analysing the results.

The volume concentration of the displacing
fluid in the volume starting immediately after
the inlet extension and stretching axially for 8
m is shown for all the cases in Fig. 5. The last
2 m of the simulation cases are not included in
order to avoid any outlet effects. The overall
trend for the curves is typical with a linear sec-
tion indicating that the displaced fluid is in the
beginning flowing out of the monitored region
with the bulk flow rate. After some time, the
rate decreases due to the non-uniform profile
of the displacement front. The ideal case would
be a piston-like displacement where the linear
part extended all the way to a volume concen-
tration of 1, meaning that all of the initial fluid
is removed and 100 % displacement efficiency
is achieved in the shortest possible time for the
given flow rate. It can be seen that increasing
yield stress in the displaced fluid decreases the
efficiency, however the effect is small for our
cases. The deviation from linear behaviour of
the efficiency, i.e. the volume concentration of
the displacing fluid, can mainly be attributed to
the non-uniform velocity profile due to the ec-
centricity of the annular region.

In Fig. 6 a three-dimensional representation
of the displacement process is shown for the
PL-PL case. In this case the displaced and dis-
placing fluids are identical power law fluids,
which means that the displacement process is
given purely by the development of the single-
phase velocity profile. In contrast, displace-
ment by the power law fluid of the Herschel–
Bulkley fluid with the highest yield stress is
shown in Fig. 7. Here, the propagation of the
displacement front is slower, but at the same
time the front is not stretched as much due to
the azimuthal flows that rearrange the velocity
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Figure 5. Volume concentration of the
displacing fluid. Dashed lines are for
displacements of the power law fluid.

2 s 4 s 6 s

Figure 6. Case PL-PL. Regions where the
volume concentration of displacing fluid is

higher than 0.2 at indicated times.

profile from that of the Herschel–Bulkley fluid
to the power law fluid’s profile.

2 s 4 s 6 s

Figure 7. Case PL-HB10. Regions where the
volume concentration of displacing fluid is

higher than 0.2 at indicated times.

A different representation of the two cases
is given in Fig.s 8 and 9, where the volume con-
centration of the displacing fluid is averaged
across the gap and plotted in the azimuthal–

axial space.

0 p 2p

10 m

2 s 4 s 6 s 8 s

Figure 8. Gap averaged volume concentration
of displacing fluid for the PL-PL case. Times,
azimuthal and axial coordinates are indicated.

0 p 2p

10 m

2 s 4 s 6 s 8 s

Figure 9. Gap averaged volume concentration
of displacing fluid for the PL-HB10 case.

Times, azimuthal and axial coordinates are
indicated.

One of the benefits with three-dimensional
simulations is the opportunity to study the ra-
dial structure of the displacement front. In
Fig. 10 contours for a 0.2 volume concentration
of displacing fluid is shown at 6 s after the start
for the cases with increasing yield stress in the
displaced fluid. The contours are shown across
the widest and narrowest parts of the annulus.
The front gets more flat and piston-like, both in
the wide and narrow gaps, when the yield stress
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increases. However, a wall layer of undisplaced
fluid seems to extend far behind the front in all
the cases, as do the displacement front on the
narrow side compared to the wide side. When
the Herschel–Bulkley fluids are used as the dis-
placing and the power law fluid is the fluid to
be displaced, we find only minor effects of in-
creased yield stress, as shown in Fig. 11.
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Figure 10. Contours for 0.2 volume
concentration of displacing fluid across the
wide (left) and narrow (right) gaps at 6 s,

comparing displaced fluids with increasing
yield stress.

SUMMARY AND CONCLUSIONS
Density and viscosity stable fluid combina-
tions are considered beneficial for laminar dis-
placement flows during cementing of casings
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Figure 11. Contours for 0.2 volume
concentration of displacing fluid across the
wide (left) and narrow (right) gaps at 6 s,

comparing displacing fluids with increasing
yield stress.

and liners. Due to constraints such as forma-
tion fracturing pressure, it is not always pos-
sible to achieve a significant, stabilizing den-
sity difference between the fluids. In this paper
we have investigated the role of viscosity and
yield stress in particular on iso-density lami-
nar displacement efficiency in a near-vertical,
eccentric annulus using numerical simulations.
The fluid viscosities have been adjusted so
that the effective viscosity is unchanged as the
yield stress is varied; this results in constant
Reynolds numbers but varying Bingham num-
bers between fluid combinations.
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In the absence of density differences, the
difference in axial velocity profiles between
the two fluids results in azimuthal and radial
flow close to the interface between the flu-
ids. We observe fairly small effects of chang-
ing the Bingham number in these simulations;
the most significant effect of yield stress is ob-
served when the displaced fluid is a yield stress
fluid, Fig. 10. Increasing the yield stress of the
displaced fluid results in a flatter interface be-
tween the fluids. The effects of yield is less
pronounced when the displaced fluid is a power
law fluid and the displacing fluid exhibits vary-
ing magnitudes of yield stress, Fig. 11. In all
cases, the interface front in the narrow sector
lags far behind the front in the wide sector, and
wall layers extend far beyond the front of the
interface. For the parameter range considered
in this paper, increasing the density contrast
between the consecutive fluids (if possible) is
likely to be more effective in diverting flow az-
imuthally between wide and narrow sectors in
an eccentric annulus.13
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