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ABSTRACT
In this numerical study the flow behavior of
a viscoelastic Oldroyd-B fluid in a 4:1 pla-
nar contraction flow is investigated under non-
isothermal conditions. The approach is based
upon the Finite-Volume-Method. Important
flow characteristica like dimensionless stress
and velocity profiles and the corner vortex size
are analyzed and compared to literature data.

INTRODUCTION
Non-isothermal flow of viscoelasic fluids may
be encountered in many real-life applications.
The manufacturing process of polymers is one
well-established example. Since the 1950s the
interest to describe these fluids analytically and
to solve the resulting set of equations numeri-
cally has been growing continuously. The com-
mon aim in most of the publications on the sub-
ject is to gain a deeper understanding of the un-
derlying processes. This understanding might
help to treat the material more effectively and
also reduce waste.17

The 4:1 contraction flow is a popular bench-
mark testcase for viscoelasic fluids. The sharp
contraction leads to a geometrical singularity at
the re-entrant corner, where stresses tend to in-
finity. This offers a challenge for the numerical
simulation and the testcase is used in order to
prove the stability of the numerical approach.
It has been extensively studied in literature for
isothermal flow conditions.9, 11, 13, 16

The first attempt to model the temperature de-
pendence of viscoelastic flow variables was the
time-temperature superposition principle. In
this theory, one empirical equation is used to
describe the temperature-dependent behavior

of all mechanical relaxation processes.1 With
this principle it is possible to predict the char-
acteristics of the flow at a specific temperature
using the values at another temperature. How-
ever, with this approach it is not possible to
describe the spatial and temporal temperature
dependence of the flow field.6 To overcome
this limitation the method was extended to the
so-called “pseudo time approach”. By intro-
ducing a virtual time that depends both upon
the real time and the spatial variable, it be-
comes possible to solve the system for the vir-
tual time. Temporal and spatial inhomogenities
in temperature are included implicitly.2 Yet the
approach draws strong limitions regarding the
fluid type and requires very small temperature
variations, so that it is only applicable to a lim-
ited amount of practical cases.12

In the 1990s, much more general theories were
found. Starting from traditional thermodynam-
ics, Braun7 developed a set of equations to
model the non-isothermal behavior of a special
group of viscoelastic fluids. Peters and Baai-
jens8 derived non-isothermal formulations for
the PTT-model equations. They numerically
simulated the benchmark case of a flow past a
confined cylinder. Wachs and Clermont14 ex-
tended the framework to the UCM fluid model
and used it to simulate an axisymmetric 4:1
contraction flow with cooled walls. Habla et
al.20 used the same framework for an Oldroyd-
B fluid to solve the 4:1 axisymmetric flow with
heated and cooled walls.
This paper is organised as follows: in the next
section the governing balance equations and
the thermorheological modelling are outlined.
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The consecutive section gives an overview of
the numerical setup and the boundary condi-
tions. Section RESULTS AND DISCUSSION
presents some key results for the planar 4:1
contraction flow with heated/cooled walls. The
last section concludes with a discussion of the
results and a short outlook to future work.

GOVERNING EQUATIONS
The balance equations for a non-isothermal vis-
coelastic fluid are presented.

Mass and Momentum balance

Assuming incompressiblity, the mass balance
simplifies to

— ·V = 0.

The momentum balance reads

∂rV
∂ t

+(— ·rVV)+—p� (— · t) = 0

with density r , velocity vector V, time t, pres-
sure p and stress tensor t . The stress ten-
sor is modelled using the Oldroyd-B model
in solvent-polymer stress splitting formulation
(SPSS) introduced by Bird.5

t = ts + tp

The idea is to split the stress tensor into a new-
tonian “solvent” part ts = 2hsD with the sol-
vent viscosity hs and a polymeric part tp. For
the polymeric part, a constitutive equation is in-
troduced to model the temporal dependence on
stress history

tp +l
O
tp = 2hpD.

Here l is the relaxation time, hp the polymeric
viscosity and D is the deformation rate tensor
defined as

D =
1
2
⇥
—V+(—V)T ⇤ .

O
tp is the upper-convected time derivative of the
polymeric stress tensor.

Thermorheological Modelling

The thermorheological modelling of the
Oldroyd-B fluid is following the work of
Peters and Baaijens.8 The balance equation for
internal energy is

∂re
∂ t

+(— ·rVe)+— ·q+Q = 0

with internal energy e, heat flux q and energy
source term Q. The heat flux is modelled using
Fourier’s law

q = �k—T.

The internal energy of a viscoelastic fluid is
in general dependent upon temperature and a
strain tensor, which changes the internal source
term. Introducing this dependence into the sec-
ond law of thermodynamics, two extreme cases
for the source term can be derived: If the in-
ternal energy depends upon temperature only
(u = u(T )) all internally produced energy is
viscously dissipated. This case is generally re-
ferred to as pure entropy elasticity. The trans-
formation is irreversible and producing entropy
only. The other extreme is that entropy is a
function of temperature only (s = s(T )). In this
case all mechanical energy is elastically stored
and no entropy is produced at all. It is com-
monly referred to as pure energy elasticity. The
ratio of entropy to energy elasticity is depen-
dent upon the local flow situation.18 A sim-
plifying approach is the definition of an a pri-
ori splitting factor a , which was proposed by
Peters and Baaijens,8 with 0 < a < 1. a = 0
means pure energy elasticity, while a = 1 is
pure entropy elasticity. With this approach, the
energy source term can be modelled as

Q = ts : D+atp : D+(1�a)
tr(tp)

2l (T )
.

Experiments show that viscosity and relaxation
time exhibit a significant dependence upon
temperature. For polymer melts, this depen-
dence is commonly modelled by the empiri-
cal William-Landel-Ferry (WLF) formulation.1
The shift factor aT is introduced to relate values
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120



4h

L1 L2

Tw1 Tw2

y
x

h

Figure 1. Geometry of the planar contraction

at the current temperature to those at a refer-
ence temperature T0.

hs/p(T ) = aT hs/p(T0)

l (T ) = aT l (T0)

log(aT ) =
c1(T �T0)

c2 +T �T0
c1 and c2 are material-dependent constants.

NUMERICAL SETUP
For this numerical study, an in-house block-
structured parallelized Finite-Volume solver is
used. The coupled set of constitutive equations
is solved by a decoupled iterative approach,
based on the SIMPLE algorithm.4

Stabilization for the constitutive equation of
the extra stress tensor is achieved by using the
square root conformation representation pro-
posed by Balci et al.19 In order to cope with the
high viscosities, the momentum balance equa-
tion is stabilized by the both sides diffusion ap-
proach (see for example10).

Geometry
A planar contraction flow of ratio 4:1 is investi-
gated. Figure 1 presents a sketch of the consid-
ered geometry. The length of the inflow duct is
L1 = 20h, while the length of the outflow duct
L2 = 50h is chosen much longer, so that veloc-
ity and temperature profiles can fully develop.
For the non-isothermal testcases, the wall of the
contraction corner and the outflow duct can be
heated or cooled in comparison to the wall of
the inflow duct.

Boundary conditions
At the inlet Dirichlet boundary conditions are
prescribed for temperature and velocity. The

fluid properties temperature

r 921 kg
m3

h0 104 kg
ms Ti 462K

l 0.1s Tw,1 Ti

cp 1500 J
kgK Tw,2 Tw,1 +DT

k 0.17 W
mK

Table 1. Fluid properties and temperature boundary
conditions

temperature is constant and equal to the wall
temperature of the inflow duct. A parabolic ve-
locity profile is prescribed with a mean veloc-
ity of V1 = 0.00129m

s . Zero gradient bound-
ary conditions are used for the extra stress ten-
sor and pressure. At the outlet, zero gradi-
ent boundary conditions are prescribed for ve-
locity, extra stress tensor and temperature. A
Dirichlet boundary condition is used for pres-
sure. No-slip conditions are assumed at the
walls for velocity, the wall temperature is con-
stant. The wall temperature of the contraction
corner and outlet duct can be varied compared
to the inlet duct wall temperature. The amounts
of heating or cooling are denoted by DT . For
the extra stress tensor no boundary conditions
are necessary as the constitutive equation is
of hyperbolic type. For the discretization of
the fluxes however, the values at the wall are
needed. They are calcutated by extrapolation
using the stress values in the two control vol-
umes nearest to the wall.

Fluid property values are chosen in the style
of Wachs Clermont,14 they are summarized in
table 1. The ratio of solvent to polymeric vis-
cosity is set to 1/19.

In order to investigate grid sensitivity, three
different meshes are considered that are succes-
sively refined towards the singularity. Table 2
provides an overview of the mesh parameters.

grid control volumes Dxmin/h = Dymin/h

mesh 01 10314 0.02
mesh 02 27830 0.01
mesh 03 65926 0.005

Table 2. Mesh parameters
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RESULTS AND DISCUSSION
Calculations were performed under isothermal
and non-isothermal flow conditions. Some re-
sults are presented in the following section.

Dimensionless numbers and field variables
Dimensionless numbers are used to charac-
terize and compare the flow behavior. The
Reynolds-Number describes the ratio of iner-
tial to viscous forces. For the presented flow it
is defined as

Re =
Vx,2hr

h0
,

where Vx,2 is the integrated mean velocity in
the outflow duct. In the investigated testcases
the Reynolds-Number has a value of Re =
4.74e�04, which corresponds to creeping flow
conditions.
The Weissenberg-Number characterizes the ra-
tio of elastic to viscous forces

Wi =
lVx,2

h
.

All the presented calculations were performed
with a relaxation time l = 0.1s, which corre-
sponds to a Wi-Number of Wi = 5.16e�04. At
this small value elastic effects are not very pro-
nounced, so that the dependence of the flow
field on time is still almost negligible. In order
to test the algorithm, steady-state calculations
were performed which were observed to be
in good agreement with the unsteady solution
for this Wi-Number. In literatue the Deborah-
Number is sometimes used instead of the Wi-
Number. The Deborah-Number De is defined
as the ratio of the “time of relaxation” to “time
of observation”.3 Small values thus character-
ize a more “fluid-like” behavior, large values a
more pronounced “solid-like” or elastic behav-
ior of the viscoelastic material.
For better comparison velocities and stresses
are plotted in dimensionless form in the style of
Habla et al.20 The velocity is normalized with
the mean velocity in the outlet duct

eVi =
Vi

Vx,2
.

The polymeric stress tensor in its dimension-
less form is

gtp,i j =
tp,i jh

Vx,2h0

with the corresponding axis directions i and j.

Isothermal testcase
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Figure 2. Dimensionless velocity at the centerline for
three different meshes at l = 0.1; data from Habla et al.

at De = 0
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Figure 3. Dimensionless stress profile for three different
meshes for l = 0.1; data from Habla et al. at De = 0

Figure 2 shows the normalized velocity in
axial direction at the centerline y = 0. Results
from Habla et al.20 at a De-Number of De = 0
are plotted for comparison. The curves are in
good qualitative agreement, however they show
differences in the level values and the slope of
the velocity rise. This can be explained when
considering the geometry of the testcase. The
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literature data was obtained in an axisymmet-
ric testcase, while the case investigated in the
present paper is planar. When considering the
mass flux balance ṁ = rVA and taking into ac-
count incompressibility, the ratio of velocities
in inflow to outflow duct is a function of the
geometry only: V2/V1 = A1/A2. In the ax-
isymmetric case this leads to a velocity ratio of
1/16, while only to a ratio of 1/4 in the planar
case. Starting from the same mean velocity at
the inlet, the inlet velocity in the planar testcase
is normalized by a smaller value, so that its di-
mensionless value is larger than in the axisym-
metric case (about 0.4 compared to 0.15 for the
axisymmetric testcase). Again starting from the
same mean inflow velocity, the rise in velocity
at the contraction is higher in the axisymmet-
ric case, where a value of 2 is reached while
only 1.6 in the present planar testcase. Ni-
gen and Walters15 experimentally investigated
an axisymmetric and a planar contraction flow
of the same contraction ratio. They observed,
when comparing the velocity magnitude at the
centerline for the planar and the axisymmetric
contraction flow, that the velocity rise in the
planar testcase was clearly smaller than in the
axisymmetric one, which underlines the results
found in the present study.
Figure 3 shows the normalized stress profile at
the center line for three different meshes. Lit-
erature data from Habla et al.20 are plotted for
comparison. The curves are in good qualita-
tive aggreement, though it is clearly visible that
the peak values differ significantly. The ex-
planation is similar as for the velocity. Since
the mean outlet velocity is used for normaliza-
tion of the stress profile, this is expected to be
smaller than in the axisymmetric case, which is
in accordance with the presented results.
In figure 4 the mean outflow velocity is plot-
ted against the number of control volumes for
all three meshes. The results differ only in the
fifth decimal digit and follow a trend towards
one value, so the conclusion is drawn that all
meshes lay within the asymptotic regime. All
consecutive calculations are performed with
mesh 03.
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Figure 4. Mean velocity in the outlet duct in
dependence of the number of control volumes

Non-isothermal testcase

In the upper corner of the contraction a recircu-
lation zone develops. Its size is dependent upon
the Wi-Number and in the non-isothermal case
also upon the amount of heating or cooling of
the wall.14

LR

Figure 5. Recirculation zone for DT = 10K

In Figure 5 the flow field with the recircu-
lation zone is visualized through streamtraces
at a DT = 10K. LR denotes the size of the re-
circulation zone. For better comparison, it is
dimensionalized by the size of the inflow duct
c = LR

2·4h , c being the dimensionless vortex size.
Figure 6 shows the dimensionless vortex size
depending on the amount of heating or cooling
of the wall. The results are plotted for an en-
ergy partitioning factor a = 1 and a = 0. Habla
et al.20 found a value of c = 0.22 at a Deborah-
Number of De = 1 for the smallest dimension-
less vortex at DT = 30K. Since the vortex size
grows with increasing De-Number, the results
shown here were expected to be smaller. The
increase in vortex size with higher wall temper-
atures is clearly visible and following the same
trend as in the literature data.
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Figure 6. Dimensionless vortex length in dependence of
DT for energy partitioning factor a = 0 and a = 1
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Figure 7. Dimensionless velocity profile at the outlet
dependent on DT

Figure 7 shows the dimensionless outlet ve-
locity profile for different amounts of heating
or cooling of the walls.

SUMMARY AND CONCLUSIONS
A planar 4:1 contraction flow of an Oldroyd-B
fluid was investigated numerically with an in-
house Finite-Volume solver. The thermorheo-
logical behavior of the viscoelastic fluid was
modeled following an approach from Peters
and Baaijens.8 The calculations were per-
formed at a very small Wi-Number where elas-
tic effects of the fluid are comparably small and
steady-state solutions can give a reasonable in-
sight into the flow characteristica.
For isothermal flow conditions the dimension-

less stress and velocity profile at the centerline
were investigated and found to be in reason-
able agreement with literature data. The differ-
ences to literature data were expected and can
be adressed to the different choice in geometry.
In the non-isothermal testcases, the walls of the
contraction corner and the outlet duct can be
heated or cooled compared to the fluid tem-
perature. The size of the recirculation zone is
dependent upon Wi-Number (which was kept
constant) and temperature. The recirculation
zone was investigated for different amounts of
heating or cooling at either pure energy elastic-
ity or pure entropy elasticity.
When increasing the Wi-Number, the time-
dependence of the problem becomes clearly
more pronounced, so that a steady-state solu-
tion can no longer provide insight into the flow
behavior. The presented calculations should
serve to test the implementation of the ther-
morheological modelling. The next step will
be to investigate the flow behavior at increas-
ing Weissenberg Numbers.
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